Abstract-This work presents a nonlinear observer that estimates the translational and rotational motion of a rigid body based on measurements of configuration (pose), angular velocity, and radial velocity as well as modeled forces and torques. The radial velocity measurements are provided by a single direction Doppler sensor. Using a conveniently defined Lyapunov function, a nonlinear observer on the Special Euclidean Group (SE(3)) is derived and almost globally stability is guaranteed. The resulting estimation error is almost globally exponentially convergent for sufficiently rich motion. Numerical simulation results are presented that illustrate the performance of the proposed solution.
consider an integrated framework to address the two estimation problems, as for instance in [8] - [10] . Thus, when a suitable dynamic model is available, it can be used together with the rigid body kinematics to improve the position and attitude estimates, as in [11] - [13] .
New challenges to observer design arise when full state measurements are not available. An interesting case is when the translational velocity is measured by a Doppler sensor. This sensor measures the frequency shift of a signal that occurs when the source and the receiver have different velocities, i.e., the Doppler effect, and is nowadays currently used in the operation of many underwater vehicles as well as spacecrafts.
This work addresses the estimation of the complete translational velocity assuming that pose, angular velocity, and radial component of the tranlational velocity are measured. To that end, a nonlinear observer for the full rigid body motion in SE (3) is designed under the framework of geometric mechanics. The solution presented is derived explicitly using the exponential coordinates representation of SE (3) , which is almost global in its description of the motion. If the position vector of the rigid body is persistently exciting, almost global exponential stability of the observer is guaranteed for noise-free sensor measurements. The observer proposed in this work contrasts with the solution derived in [14] by the authors since it does not rely on full state measurements.
The remainder of this work is organized as follows. Section II describes the rigid body equations of motion formulated explicitly on SE(3) and introduces the state (configuration and velocity) estimation problem. In Section III, a nonlinear observer that estimates pose and velocities is proposed, and its convergence and stability properties are analyzed. In Section IV, simulation results validating the performance of the proposed observer are presented. Finally, concluding remarks are given in Section V.
II. PROBLEM FORMULATION AND MEASUREMENT MODEL
Consider a body-fixed coordinate frame with origin at the center of mass of a rigid body denoted by {B} and an inertially fixed reference frame denoted by {I}. Let the rotation matrix from {B} to {I} be given by R and the coordinates of the origin of {B} with respect to {I} be denoted by b. The set of rotation matrices, which contains R, is denoted by SO(3) = {R ∈ R 3×3 : R T R = I 3 , det(R) = 1}, where I n denotes the n × n identity matrix. The rigid body kinematics are given byṘ
where the translational and angular velocities expressed in the body fixed frame {B} are denoted by v and ω, respectively, and the skewsymmetric operator (.) The linear space so(3) is the Lie algebra associated with the Lie group SO(3) and corresponds to the set of 3 × 3 skew-symmetric matrices. Let G be the rigid body configuration, such that
where 0 m×n denotes an m × n matrix whose elements are zero and the Lie group SE(3) is characterized by
Using this representation, the kinematic equations take the forṁ
T is the vector of body velocities and the vector space isomorphism (.) ∨ : R 6 → se(3) is given by
This space is constructed in a six-dimensional linear space tangent to SE(3) at the identity vector. The rigid body dynamics is given by
where m and J denote the rigid body scalar mass and inertia matrix, respectively, φ denotes the external force applied to the rigid body and τ the external torque, both expressed in the body-fixed coordinate frame. The dynamic (1) and (2) can be expressed in compact form as
T , and
In many practical situations only partial state information is available from the sensor data. A particularly relevant case is when the translational velocity information is given by a Doppler sensor. Such sensors can be found for instance in underwater autonomous vehicles and in spacecrafts. A velocity sensor based on the Doppler effect measures the frequency shift between the emitted signal (electromagnetic or acoustic) and the received signal. This difference is proportional to the difference of velocities between emitter and receiver and is given by
where f 0 denotes the emitted frequency, c is the propagation velocity of the signal, and b r and b s denote the positions of the receiver and of the source, respectively. Thus, the Doppler measurement does not provide full velocity information but rather only radial velocity information. Without loss of generality, consider b s the center of the inertial reference frame {I} and consider a receiver installed onboard the vehicle so that b r = b. Then, (3) can be rewritten as
where α D = f 0 /c. Along with the scalar measurement, one also has information regarding its direction b(t)/ b(t) . Without loss of generality, let the emitter and the receiver be located at the origin of {I} and {B}, respectively. Then, projected translational velocity is given by
where
). Finally, let us now introduce ξ D , which comprises the angular velocity and the projected translational velocity
Remark 1: Notice that b is not required to be the vehicle's centre of mass. However, if convenient, the previous introduced Doppler sensor model can be easily adapted such that b is the centre of mass and v its translational velocity even if the receiver is not in such position.
Our aim is to design a dynamic nonlinear observer to estimate the configuration (pose), the angular velocity and, in particular, the translational velocity of a rigid body. The observer is based on exact measurements of pose (R and b), angular velocity (ω), and Doppler measurements (Δf ), as well as modeled forces and torques (φ and τ , respectively). From the Doppler measurements, only the radial component of the translational velocity can be obtained. Moreover, notice that, in the presence of sensor noise, the use of an observer has clear advantages over the raw measurements as the sensor information is fused with the rigid body dynamics and the sensor noise is filtered. The resulting estimates are less noisy and the errors due to sensor bias have smaller magnitude than those of the raw sensor data. Robustness to bounded measurement errors is obtained consequently. This is shown later through numerical simulation results.
III. OBSERVER DESIGN WITH DOPPLER MEASUREMENTS
In this section, we propose an observer for the configuration and velocity. Let us denote the configuration estimates bŷ G = Rb 0 1×3 1 , whereR andb are the estimated attitude and position, respectively. The estimated velocity is denoted bŷ
where ω and v are the angular and translation velocity estimates, respectively. The configuration and velocity estimation errors are defined asG
The configuration error can be expressed in exponential coordinates using
where logm(.) : SE(3) → se(3) denotes the logarithmic map on SE(3) [15, p. 256] . We express the exponential coordinates vector of the pose estimate errorη asη
so(3) is the exponential coordinate vector (principal rotation vector) for the attitude estimation error andβ ∈ R 3 is the exponential coordinate vector for the position estimate error.
The time derivative of configuration error (5) is given bẏ
where the adjoint action of G ∈ SE(3) on ζ ∈ se(3) is given by
The velocity error dynamics is given by
The time derivative of the exponential representation ofG is given by [15] 
, and
where θ = Θ . The exponential coordinate vectorΘ for the rotational motion is obtained by inverting the Rodrigues' formula
which is a well-known formula to express the rotation matrix in terms of the exponential coordinates on SO(3). Next, we prove lemmas useful to establish the convergence and stability properties of the nonlinear observer proposed later in this section.
Lemma 1:
The matrix G(η), which shows up in the kinematics (7), (8) for the exponential coordinates on SE(3), satisfies the relationship G(η)η =η.
Proof: Beginning with the expression for G(η) given by (8), we evaluate
From the expression for A(Θ), it is clear that
On evaluation of the other component, after some algebra, we obtain
Therefore, we get
which gives the desired result. 
from which the result in Lemma 1 can be concluded given that adηη = 0. Lemma 2: The matrix G(η) satisfies the following equality:
Proof: The left-hand side of (10) fulfills
On the other hand
Notice thatβ multiply each term of T (Θ,β) in (9). Thus, T (Θ,β)
is proportional to the norm ofβ, and consequently we have
The following theorem establishes the stability and convergence of the proposed observer.
Theorem 1: Assume that the rigid body pose (R and b), angular velocity (ω), and Doppler shift (Δf ) are measured and that the external forces and torques (ϕ and τ , respectively) can be accurately modeled. Moreover, let the configuration and velocity observer be described byĠ
, and where k 1 , k 2 , k 3 , k 4 > 0 are such that the initial conditions satisfy the inequality
where Θ 0 = Θ(t 0 ), b 0 = b(t 0 ), ξ 0 = ξ(t 0 ), and μ = 1 + π 2 /2. Then, there existsθ < π rad such that for all t > t 0 , the attitude error satisfies Θ (t) <θ and the estimation error
T is almost globally asymptotically stable. Proof: Topological limitations precludes global asymptotic stability of the origin [2] . In fact, if θ = π rad, the exponential coordinates of the configuration errorη cannot be computed without ambiguity. This proof is divided in two parts: (i) using a judiciously selected Lyapunov function establish that (13) is a sufficient condition to ensure that for all t > t 0 , θ(t) < π rad and thus, the critical points whereη is not well defined are not part of the error system trajectories and (ii) show that all system trajectories converge to the origin. To that end, consider the Lyapunov function candidate
Taking its time derivative, one obtainṡ
From (4), we have ξ D = D(t)ξ and by noticing that Ξ(I, ω)ξ is perpendicular toξ, the time derivative of V is given bẏ
Finally, using the result in Lemma 1 and Lemma 2 to update the Lyapunov function derivative, one obtainṡ
which is negative semi-definite. Notice that, the exponential coordinates of the configuration error are related toR andb by [15, p. 256 
where (.) ⊗ is the inverse of the (.) × map, tr(.) denotes the trace operator, tr(R) = −1, and
From the relation between matrix norms [17] , one concludes
where . 2 and . F denote the Euclidean and Frobenius norms of matrices, respectively. Through some algebraic manipulations one obtains
Consider the level set described by
Then, using (14), one can infer that the condition (13) guarantees that x(t 0 ) ∈ C V . As C V is a positive invariant set, one concludes that, for all t ≥ t 0 , x(t) ∈ C V , which in turn yields x(t) ∈ C V ⇒ Θ (t) ≤ π rad. Thus, we have concluded the first part of the proof by establishing that condition (13) guarantees that the configuration errorη can be computed from the sensor measurements and current estimates using (5) and (6) .
To show that all system trajectories converge to the origin notice thaṫ V is negative semi-definite. On the other hand, for bounded angular velocity,V is finite. Then, according to Barbalat's Lemma [18] ,V → 0, from which one concludes that η → 0. Since the configuration coordinates are bounded, this result implies that (d/dt) η → 0. Thus, ξ → 0 and consequently x → 0.
Remark 3: The exponential coordinateΘ for SO(3) cannot be uniquely obtained when θ = Θ = π rad, since in this caseΘ and −Θ correspond to the same rotation matrix according to Rodrigues' formula. In such circumstances, the matrix G(η) also becomes singular.
In case of a rich enough trajectory, a stronger result is obtained. To that end, consider the following definition.
Definition 1 (Persistency of Excitation-see [19] ): A vector z(.) is said to be persistently exciting (PE) if there exist T > 0, u 1 ≥ 0, and u 2 ≥ 0 such that
This definition states that a trajectory is rich if its position wobbles around enough in all time intervals of duration T . In fact, if the position of the rigid body is PE, the following result can be established.
Theorem 2: Assume that the rigid body pose (R and b), angular velocity (ω), and Doppler shift (Δf ) are measured and that the external forces and torques (ϕ and τ , respectively) can be accurately modeled. Let (11) and (12) describe the configuration and velocities observer, and k 1 , k 2 , k 3 , k 4 > 0 be such that (13) holds. Moreover, assume that the position of the rigid body expressed in {B} is PE. Then, the estimation error x(t) converges exponentially fast to the origin.
Proof: Without loss of generality let t 0 =0. Under condition (13), the configuration errorη can be retrieved from the sensor measurements and the current estimates. The Lyapunov function V fulfills
, andσ J and σ J denote the maximum and minimum singular values of J, respectively. According to the premises of the theorem, the position of the rigid body expressed in the body fixed frame {B} is PE. Thus, by Definition 1, there exist T ≥ 0 and u > 0 such that
Hence, the following inequality holds:
Using (15) and (16), we obtain
Let 1 − (γ 3 /γ 2 ) = λ and t = NT + t r , where N ∈ N 0 and t r ∈ [0, T ). Notice that, λ < 1, since by definition γ 2 and γ 3 are positive real numbers. Moreover, λ > 0, as shown in the following. By definition, if x(0) = 0, V (t + T ) > 0 for a finite t. Thus, from (17), we have
From (15) and (16), we have 0 < γ 2 x(t) 2 − γ 3 x(t) , for all 0 < t < ∞. Then, γ 2 > γ 3 and consequently λ > 0.
Since V (t) is a time decreasing function, we have
and from (15), we get γ 1 x(t) 2 ≤ γ 2 x(0) 2 λ t/T . After some algebraic manipulations, we finally obtain
IV. SIMULATIONS
In this section, simulation results that illustrate the robustness and convergence properties of the proposed solution are presented. The sensor suite onboard the rigid body provides configuration and Doppler measurements. Moreover, it is considered that forces and torques are accurately modeled. The rigid body performs a typical trajectory, illustrated in Fig. 1 T m/s. Note that, with these parameters, the condition (13) is satisfied. Fig. 2 shows the time-evolution of the estimation error of the translational velocity, a quantity not measured by the sensors. As established in the previous section, the estimated translational velocity converges exponentially fast for its actual value.
The convergence and robustness properties of the estimation error of the proposed observer are illustrated in Fig. 3 . In the lower plot, a logarithmic scale is adopted to highlight the exponentially fast convergence of the estimation error to the origin. Since the proposed observer is exponentially stable, the estimation error in presence of disturbances in the torques and forces is ultimately bounded [18, Theorem 4.16 and Theorem 4.18] . This robustness property is also illustrated in Fig. 3 , where the estimation error is depicted for the case when there are unmodeled disturbances in the torques and forces, which are assumed to be random variables with uniform distribution and amplitude of 0.01 Nm and 0.1 N in each axis, respectively. Note the higher accuracy of the estimates when compared with the sensor measurements.
V. CONCLUSION
A nonlinear observer for arbitrary rigid body motion that takes advantage of Doppler data was obtained and expressed in terms of the exponential coordinates on the group of rigid body motions in the three-dimensional Euclidean space. The estimation error was shown to be asymptotically stable whenever the exponential coordinates are defined, which includes all attitude estimate errors except for those corresponding to a principal rotation angle of 180 deg or π rad. Therefore, the convergence of the estimates given by this observer was shown to be almost global over the state space of rigid body motions. Given persistency of excitation of the position vector of the rigid body, almost global exponential stability of the observer is guaranteed. Numerical simulation results confirmed the convergence and stability properties of the observer.
